This paper analyzes the behavior of a point process marked by a two-dimensional renewal process with dependent components about some fixed (two-dimensional) level. The compound process evolves until one of its marks hits (i.e. reaches or exceeds) its associated level for the first time. The author targets a joint transformation of the first excess level, first passage time, and the index of the point process which labels the first passage time. The cases when both marks are either discrete or continuous or mixed are treated. For each of them, an explicit and compact formula is derived. Various applications to stochastic models are discussed.
Introduction
In this paper the author studies the behavior of a two-dimensional compound renewal process (with dependent components) about some fixed two-dimensional level. The process will evolve until one of the components hits (i.e. reaches or exceeds) its assigned level for the first time. The following associated random variables are considered: the first passage time, the first excess level (i.e. the value of the process at the first passage time) and the termination index.
These and similar problems belong to the Fluctuations of Stochastic Processes that was extensively studied by many [1, 7, 8, 12, 17, 20, [22] [23] [24] [25] [26] [27] [28] . The most significant contributions to this theory were made by Lajos Takcs who studied behaviors of stochastic processes more general than renewal processes (such as recurrent and semi-Markov processes). In his widely referred-to works [23] [24] [25] [26] [27] [28] , Takcs extended prominent results of his predecessors, Andersen [7] , Baxter [8] , Pollaczek [20], Spitzer [22] and others. He applied sophisticated analytic techniques to study general fluctuations phenomena by solving relevant recurrent operator equations in terms of operators acting in classes of Banach .algebras. The latter was formalized and described by him in [28] . (For more details see also [13] in this issue.) Takcs' results were so fundamental and comprehensive that they seemed to deter many to continue his studies on fluctuations, which may have contributed to some slow down of interest in this topic in the eighties. The author of this paper felt inspired rather than intimidated by Takcs' impressive results, and was drawn to much smaller but still worthy problems.
The problem studied in this paper was motivated by a class of stochastic models in which systems alter their modes as soon as their input processes hit certain specified levels. In Abolnikov [14, 15] ), N-policy (Muh [19] ), T-policy (Heyman [18] In contrast to this and similar scenarios, a targeted queueing process may have more than one random component, and this unorthodox modification of the above models may be of practical interest. The hitting time or first passage time of such a multi-dimensional process will be the first instant of time when one of the components, of the process reaches or exceeds its associated level.
An appropriate example may come again from queueing, where a single server rests or goes on vacation, whenever the queue drops below r. A service will be restored when the queue hits R or the cumulative job (expressed as the total service time needed to process all customers in the queue) hits S, whichever comes first.
Another example of such a process is a queueing system with "two-dimensional arrivals." The first component of each arrival may represent the batch size (number of customers in that arrival) and the second component might be another random variable associated with that batch of customers (e.g. customers' baggage, cumulative account balance, investment or debt, amount of fluid, etc.). Here the server also rests or goes on vacations, and then resumes service as soon as the total number of customers is at least R or the associated cumulative value of the second component hits S. The analysis of such systems would undoubtedly be useful in many applications.
In [12] the author studied a compound delayed renewal process observed at random moments of time r0, rl,.., that was terminated by either hitting a fixed level (at one of these moments) or possibly earlier at r a, where r is an arbitrarily distributed integer-valued random index, independent of the process. The problem proposed in this paper formally generalizes the one studied in [12] . Here the compound renewal process has a second (generally dependent) mark. In the scenario of [12] , the second mark is taken discrete with increments equal one a.s. over n 1,2,..., and it is assumed to be independent of the first ("principal") 
where on the right-hand side of (3.1) the operators may be of types a or b or mixed. Note that due to Fubini's theorem, the operators on the right-hand side of (3.1) are commutative.
For convenience, we extend the definition of the renewal process (A,B) by setting A_I=B_I=0. The last expression can be rewritten as
where E 1 and E 2 are the two factors extracted from aJ: 1 by using the independent increments property of (A,B):
This generalizes formula (3.4) in Dshalalow [12] which is almost identical to (4.2) but the present case deals with a two-dimensional renewal process. In the event that the components of (A, B) are independent a 0 and a are factorizable:
Then we have that ao(U v) ao(u)bo (v and a(u, v) 
